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Abstract
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ple system solvable through standard input—output theory
and then treat a non-linear system to showcase the spe-
cific strength of our approach to yield perturbative results
for non—linear systems.

AV :
XXX University
/XN of Basel

Department of Physics
University of Basel
December 20, 2022



Acknowledgements

This thesis would not have been possible without the continuous support and guidance of my
supervisor Prof. Patrick Potts. His straightforward and kind way of helping me through the
various challenges of my master’s thesis not only made the successful completion of it possible
but also thoroughly enjoyable. For this and for the possibility to continue the research started
in this work as a PhD student in his group, I am extremely grateful.

My thanks also go out to Matteo Brunelli who supervised me as well during my master’s
project and who not only offered help and guidance with technical issues during my work but
also encouragement and advice during the application process for my PhD position.

Further, I want to thank Marcelo Janovitch and Kacper Prech for the interesting discussions
between lengthy calculations, the helpful references for the topics in my thesis and for welcoming
me so kindly in their office from the very beginning.

I want to also extend my gratitude to Prof. Christoph Bruder for guiding me in my first
two research projects leading up to this master’s thesis, for instilling an unpretentious and clear
manner of thinking and communicating about science in me and for agreeing to act as a second
supervisor for this thesis.

For proofreading this manuscript I want to thank my dear friend Fabian Hofmann and my
wonderful girlfriend Mira Gemperle.

Lastly, I would like to thank my professors during my studies at the University of Basel that
made understanding and examining the topic of my master’s thesis possible. Among them I
would like to especially thank Prof. Philipp Treutlein and Prof. Stefan Antusch for helping me
gain a solid base in quantum field theory and quantum optics which proved to be so essential
during the work on my master’s thesis.



Introduction

We see the world around us through light that is reflected from the objects in our vicinity and
carries the information about their shape and colour to our eyes. Even though the objects
under consideration in modern quantum mechanics are no longer visible to the naked eye, many
of them are probed through light signals and we gain information about them through the way
they interact with this light impinging on them. Nitrogen vacancy centers, mechanical resonators,
quantum dots, quantum bits or a single light mode in an optical cavity — all these systems are
probed by light signals and their reaction to that light signal gives us access to the physics
happening inside them. Originally derived in the context of transmission lines for electrical
signals, the theory of how a system reacts to an incoming signal from its environment, referred
to as input—output theory in the jargon of the subject, is therefore of general interest to scientists
trying to probe the most diverse kinds of quantum systems.

Standard input—output theory treats the systems mentioned above as coupled to a bath of
harmonic oscillators which provides an input to the system and into which the system answers
with an output. The standard formalism of input—output theory has been widely applicable
to quantum systems coupled to the electromagnetic field - the prime example for a field whose
normal modes are modelled as harmonic oscillators. The formalism however struggles in dealing
with systems that exhibit non-linearities in their own system modes. To extend the formalism
in a way that one can effectively derive perturbative results for such cases, we suggest a new
approach to input-output theory employing path integral methods from quantum field theory.
By framing the scenario of input—output theory in the language of non—equilibrium quantum field
theory, a rich toolbox of perturbative techniques becomes accessible and previously unsolvable
problems could become manageable. In this thesis, we will present this approach to input—output
theory based on the Keldysh path integral and showcase its use on two examples - one solvable
through the conventional methods and one where perturbation theory has to be employed.

The thesis is split into three chapters. We firstly introduce the theoretical background to our
topic, namely the standard approach to input—output theory in Sec. and the Keldysh path
integral in Sec. and subsequently detail the derivation of our novel approach in Sec. in the
first chapter. We then move on to apply the new formalism to the damped harmonic oscillator
in the second chapter to elucidate our methods and compare our approach to the standard
input—output theory and afterwards treat the Kerr oscillator in the third chapter where we will
derive perturbative results for the output field of said system. Throughout the whole manuscript,
certain technical steps in the calculations will be omitted for the sake of readability, those that are
still crucial to the replicability of our derivations can be found in the appendix. Some theoretical
prerequisites have also been omitted from the main text and can be found in the appendix.
Furthermore certain equations will be boxed to highlight their overall importance.
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Chapter 1

Theoretical Formalism

In this chapter we derive the standard formalism of input—output theory as it is presented in
standard references on the topic such as [4] and outline the basic principles of the Keldysh path
integral formalism where we closely follow the introductory chapters of [7]. We then synthesize
these two approaches into the Keldysh path integral approach to input—output theory. This
novel approach builds on previous work by P. Potts.

1.1 General Setting

The physical setting we describe consists of a system S coupled to a bath of harmonic oscillators
B via the rotating—wave interaction V. The Hamiltonian of the complete setting is thus given
as follows,

H=Hs+Hp+V, (1.1)

where the bosonic bath is described by the following Hamiltonian,
]:IB = Zwki)Li)k, [6}97 BL,} = 5/9’;9/, (1.2)
k

and the coupling through the following term,

V= Z (gkdﬁ)k + gZZA)L(Al) (1.3)
k

The operator a describes a mode in the system here, the system Hamiltonian Hg is left unspec-

ified.

1.2 Standard Input—Output Theory

Standard input—output theory describes the system and bath modes of the general setting men-
tioned above through the use of Heisenberg equations. We start here by deriving the time-



dependence of a single bath mode,
—b, = Z[H, i)k} = ZZ [wkl}ﬁ)l + (glCALTl;k + gZi)L&) , i)k}
1
= —iz (5l,k51 + 91*51,k&) = —i(wrbr + gia), (1.4)
1

this differential equation yields the following solution (for details see ,

t
bi(t) = e=™E=0)b (to) — igy / dre” " (=g (7)

to

t
= e~ (=], (1) — g / dre= (" Da(7), (1.5)
tn

where we introduced the times tg, ¢ty which are supposed to lie in the far past, far future respec-
tively.
Now we turn to the time-dependence of the system mode a,

%a :i{ﬁs+ﬁ3 +f/,a] :i[ﬁs,a} +i{FIB,&} +i[f/,d] (1.6)

The second term in the equation above vanishes due to the following commutation relations,
[ék,a} - [ISL,&} —0.
We therefore focus on the third term,
l[f/, CAL} = ZZ [gdelA)k + 9262&, CAL} =—1 ngi)k
E k
. ~ t .
-2 (z‘gke—w’v@—twbk(to) ol [ dfew—”am) (L.7)
k to
1 . R t )
= —VE= S igre 0 (1) = 3 |gul? / dre ) a(7),
\/E k k to

where we introduced the coupling constant x in the last step. We further introduce the input
and output operators,

1 . i (t—ta) 3 A 1 ) i TN
bin(t) _ ﬁ Zlgke K (t tO)bk,(tO)’ bout(t) = ﬁ Zzgke k(tN t)bk(tN), (18)
k k

as well as the bath spectral density,

plw) = Z |9k 120(w — wp,). (1.9)
k
Using the last two quantities, we can express Eq. (1.7) as follows,

Z[V,a} = /i bin(t) — /t “ar /O ~ dw p(w)e= = a(r). (1.10)



With these simplifications the equation of motion of the bath mode a is,

%azi[ﬁsp] VF bin(£) —/ dT/ dw p(w)e~a(r). (1.11)

Analogously we find,

tN [e%s}
%a = z[Hsa} - \/Eiyout(t)+/ dT/ dw p(w)e~ @t a(r). (1.12)
t 0

Even though at this stage our equations only contain the input and output operators, we can
retrieve the bath modes at the times ¢y and ¢ from the input—output operators,

. \/E wg+ow /oo ) B .

bi(to) = d dt e t=t) b (% 1.1

k( O) 2777;916 Wi —0w “ —o0 ‘ ( )’ ( 3)
. \/E /wk+5w /oo i P

bi(tn) = d dte N =tp (¢ 1.14
i) = g | e [ dre (). (114)

for a proof of this relation see
From the equations of motion for the system mode a, Eqgs. (1.12]) & (1.11]), we get the following
relation between the input and output operators,

Dout (t) = bin( / dr / dw p(w)e™E="4(7), (1.15)

and we can derive their commutation relations,
~ ~ ~ ~ ]_ o0 . ’
[ (0,85, ()] = [oue (), boue(#)] = / dw p(w)e™ =1, (1.16)
K Jo

1.2.1 Markov Approximation

So far we treated time as a continuous quantity and made no assumptions on the spectrum of
the bath. Now we make the following assumptions:

e The bath consists of N equidistantly spaced bath modes, i.e. wy = wg + kdw for k € N.

e Time is discretized such that t; = tg + jot with j =0,1,2,..., N and
ty =ty_1 =1ty + (N — 1)(%.

e The timestep of the discretization is connected to the discretization of the bath modes such

that téw = 2.

With these assumptions, the bath modes expressed through the input and output operators from
Eq. (1.8)) can be written as follows,

X \/E2N71 ‘ X
bi(to) = ~— Y elrltiiolp (t), (1.17)

ReL s

. \/EQN—l _ A
br(tn) = Y= > e v Tl)h i (t). (1.18)

Jj=0



Additionally to the discretization outlined above, we now make the following two approxima-
tions:

e The Fourier transform of a(7) is peaked at a specific frequency (2, where the peak has a
fixed width ~.

e The spectral density p(w) is flat in frequency and around ) can be approximated as follows
(Markov approximation),

plw) ~ p(Q) Ve € (2= 7,2 +7). (1.19)

These assumptions let us simplify the third term in the relation between input and output
operators from Eq. (1.15) as follows,

tN [e'e] ) tN [e'e] )
/ dT/ dw p(w)e =" a(r) %p(Q)/ dT/ dwe™ @ E=g(7)
to 0 to —00

= p(Q) /t " ord(t — 1)a(r) = 2mp(Q) a(t), (1.20)

where we extended the range of integration in frequency in the first step to employ the required
delta distribution correlations. The extension of the integration range is justified in [4] by the
argument that only nearly resonant frequencies are important here and the nonphysical negative
frequencies therefore contribute very little. Equivalently, using these approximations and the
relation,

/fco dzd(x — o) = %, (1.21)

— 00

we find,

t T - wp(w)e @t g(r zﬁ&
/d/ duo plw) (r) ~ Sa(t) (1.22)

With these approximations we can express the equation of motion for the system mode a from

Egs. (1.11)) and (1.12) as follows,

i= i[ﬁs,&} — o — R bin(t), (1.23)

i@ — /R bows (1), (1.24)

and get the simplified commutator relations,
[ (0,8, ()] = [boue(t), Bl (#)] = 3¢ = 1), (1.25)

as well as,

boue (£) = bin(t) +V/Ra(1). (1.26)

The last equality is commonly referred to as the input—output relation. From this expression we
can interpret the outgoing mode as the reflection of the input mode together with an additional
signal originating from the cavity.




We can further simplify our expressions by assuming that all coupling constants are equal,

igr *=g €R, (1.27)
and by rewriting the approximated spectral density,
plw) ~ p(S) = g%p. (1.28)
With these simplifications we can write the discretized input-output operators as follows,
. 1 , .
bin(t) = —— Y e wrl=to)p, (44), (1.29)
Ve o
A 1 . A
bous (t) = Wkt =D, (ty). 1.30
o t( ) \/ﬁ zk: € k( N) ( )

From these expressions we can intuitively understand the input operator as describing the wave
packet of all bath modes from the distant past evolved in time up until the time ¢. Equivalently,
the output operator describes the wave packet consisting of all bath modes in the far future

evolved back in time up until the time ¢. The expectation value <bzut(t) bout () for example will
give us the number of photons per unit time at the time ¢ in the outgoing wave packet.
Further details on the standard input—output formalism can be found in [4], [3] and [5].

1.3 Keldysh Formalism

In the following we give a short overview of the Keldysh formalism. We will stick closely to
the exposition done in [7], recent developments and experimental applications of the formalism
can be found in [I2]. We follow the notation of [7] and therefore use a bar to denote complex
conjugation. We start by introducing the coherent states of the cavity mode a and the bath
modes by,

alo) = o), bilew) = o ler) - (1.31)

A coherent state in our treatment is defined as follows,

9)=2_ 75

n=0 :

n

n) = %(d*)” 0) = e |0), (1.32)
n=0 "

and is not normalized. This leads to the following identity for the inner product of two coherent
states,

(9l¢') = " (1.33)

Some heavily used identities for coherent states are mentioned in the following,
/ digle™1" ) (6] = 1, d[¢] := d(Re{¢})d(Im{¢})/x, (1.34)
(0| H(a',a)|¢) = H(,9) (9]¢') . (1.35)

where the last relation holds for any normally ordered operator H (af,a). To denote the tensor
product of a state from the cavity and the states from the bath we introduce the following
notation,

) = [6) @) lw) . dl¥] = d[¢] [ [ dlen], TV = ¢+ Grchs (1.36)
k k k
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Figure 1.1: The closed time contour of the Keldysh formalism.
with it we express the identity in the combined Hilbert space as follows,
1= /d[\IJ]e"‘I’|2 |0 (U] (1.37)
As a consequence we compute the trace of an operator O as follows,
Tr{O} - /d[\l/]e“‘mz (B0 |) . (1.38)

As is customary in quantum field theory, we consider the partition function of our state, here
given by the trace of the density matrix p at time ¢,

Z =Tr{p(t)} = Tr{e*m(t*to)[)oem(t*to)} = Tr{em(t*to)efm(t*to)ﬁo} =Tr{po} =1, (1.39)

where we used cyclic permutability of the trace and the normalization condition. As a next step,
we insert 2N — 1 identities of the type from Eq. (1.37)) where we evolve from ¢y to ty—1 in the
first V — 1 steps and then backwards in time from ¢xy_1 =ty to tony_1 = g in the next N — 1
steps,

Z = / D[We™ X750 11 (Wo€™ |[Won_o) (Won_a| e [Toy_s) - (1.40)
(U] W) (N[ LU N 1) (U] e Wy o) - (W e [ W) (o] o [Wan—1) -

See Fig. for a sketch of the time contour. We now turn to evaluate the infinitesimal time
evolution steps,

(W] et 1w, )

(0] (1 — it H + 0(&]2.)) W)

= €\Ijj\ljj71 — Z(StJH(\i/J, \I/jfl)e‘i’j‘l’jfl + O((St?)

ns Vi Vi1 om0t H (5.0 0) (1.41)
Here we introduced the time—step,
0t; = sign(N — j)ot.

Notice that the last relation in Eq. (1.41) is exact in the limit 6¢ — 0. We further use the
common notation for path integrals,

DY = 2ﬁ1d[wj]. (1.42)

10



With this notation and the evaluated infinitesimal time step evolution, we can write the Keldysh
partition function as a path integral,

= /D[xp}eiSM, (1.43)
2N—-1 \I/
Z (St] |:’L\I’ H(\I/ \If ) +Z\IJ0\I/0 775111/)0(@0,\1/2]\/_1). (144)

1.4 Keldysh Approach to Input—Output Theory

In this section we detail the novel Keldysh path integral approach to input—output theory. Start-
ing from the Keldysh partition function derived in Sec. we will derive the Keldysh input—
output action for the general scenario introduced in Sec. and use it to define generating
functionals for the input and output field. From these quantities we will gain access to the
statistics of the input and output field.

1.4.1 Keldysh Input-Output Action

We start by inserting the Hamiltonian of our general scenario given in Eq. (1.1]) into the expression
for the action of the Keldysh partition function from Eq. (1.44]) which results in the following
action,

S[¢,¢] = Ss(¢] + Splel + Sv[o, ¢l (1.45)

We assume, that the initial state can be separated, pg = ps ® pp, and we introduce the tensor
product state of all coherent states of the bath at time ¢;, |p;) = @, |¢k,;). With this the
constituents of the action mentioned above are,

2N-1

Z dt; {Z% %5~ % ! _HS(¢ju¢j1):| + igogo — iIn ps(do, dan—1), (1.46)
j=1 ]
2N—-1 _
Z Z ot; [wkj 5t e wkﬁk,j%,j—l]
t
+iz<ﬂk,o_<ﬁk,o —ilnpp(Po, pan-1), (1.47)
%
2N—-1
Sve,e] = Z > ot [grdieni1 + GiPrbi-1)- (1.48)

=1

Here we used the following notation,

pla,b) = {al p[b).

In the following steps we will often make use of the bosonic Gaussian integral, the formula for
which can be found in App. [A7271]

Since in input-output theory we are only interested in the bath states in the distant past and
future, we only need the information of the bath modes at tg = ton_1, which lie in the distant
past, and tny = ty_1, which lie in the distant future. Therefore we perform the path integral over

11



the bath modes g 1, ..., 0k N—2, Pk, N+1,- - -, Pi,2nv—2 for all values of k. The detailed calculation
of this integral can be found in the appendix, see App. We further introduce the following
notation to differentiate between fields on the forward and backwards part of the time contour,

of = ¢, ¢; = dan—1-j, for j € {0,...,N —1}, (1.49)
and, analogously to the input and output operators in Eq. ([L.8]), we define the input and output
fields,

—iwk(tj—to) —iwk(tj—to)

Ok,2N—1, (1.50)

1 1
+ . _ _
Pinj = 7= Zlgke Pk,0 Pinj = —— Zlgke
VE < NG

1 . w —t; — 1 . W —t;
‘P;Luw = NG Zzgke sty tJ)SDk,Nflv Pout,j — N Zlgke IVt o N (1.51)
k k

After performing the integration over the mentioned bath modes we get the following expression
for the partition function,

2N—-1

Z:/ [T dlo;] (Hd[wk,o]d[wk,w1]d[<pk,N]d[sok,2N1]> ¢Sl (1.52)
=0 k

with
Sl¢, ¢l = Ss(¢] + S'BM + Sv(, ¢, (1.53)
Ss[¢] = Ss(0] + i6t> Z / deop(w) | GF 16T 4 G107, G| (154)
j=1 1=1"0
_ T
Pk,0 1 0 0 0 ©k,0
- ZZ Ph.N-1 —eTiwrltn—to) 0 0 Pk, N—1
. Pk,N 0 -1 ‘ 1 0 Pk,N
Pr2N—-1 0 0 —ewsltv=to) 1/ \ppaon_1
—ilnpp(Po, pan-1), (1.55)
N-1 )
Svp, @] = i0t\/k Z [¢j+$0$,j—1 - @:ut,j¢;r—1 - ¢;—190<;ut,j + Sz’i;,j—1¢j7}- (1.56)
j=1

Where we employed the spectral density from Eq. (1.9) in the second equation. Analogously to
the procedure in the discretized version of standard input—output theory from Sec. we can
assume the bath modes to be equidistantly spaced such that

2
wy, = wo + kdw, Swit = ﬁ” ke{0,...,N—1}, (1.57)

and invert the input—output fields to retrieve the bath modes at the initial or final time,

N-1
\/E 1 iwg (tj—to), s+

_Vvh 1 - 2 : iwp (tj—to) 1.58
Pr.0 igr N i=o0 ‘ Ping PRANL = igh N =0 ’ P (159
N-1 N-1
VE 1 —iwr(tn—t;) + Ve 1 —i —t5) o~
VR NT iwn(tn—t = Yo =) erienltnt) . (159
PrN-1 igry N =0 Pout.s» PN igk N =0 Font ( )

12



These relations can now be used to express the action S|, ¢] completely in terms of the input-
output fields. Additional to the assumption of equidistant spacing of the bath modes we now
assume a flat spectral density,

gy =g €ERVE, (1.60)
and express the coupling strength « through the spectral density,
2mg? 2
= —— = g°NJot. 1.61
K==y (1.61)

Now we can for instance rewrite,

N-1 Nl Nod N-1 5, 2N-1
- _ —iwp(tj—t) 5+ —iwn (tj—t) 5+
k=0 k=0 §,1=0 k=0 §,1=0
N-1 2N-—1 N-1
Swét? _
_ - Z e~ iwk(t;— tl)wm,g%n — 515%11]@1“], (1.62)
k=0 §,1=0 =0

where in the last two steps we used the equidistant spacing from Eq. (1.57)) and the properties of
the Dirac delta distribution (for more detail see in the appendix), which yields a factor of

27r in the limit of continuous time. We now turn to the spectral density in Sg[¢]. Analogously
to the treatment in Sec. [[.2] we make the assumption that p(w) & p(€2) = 27k which results in,

e ; )
/0 dwp(w)e@E—t) — gtl (1.63)

This again leads us to make the replacement,

N-1
Z Zdt2f] l/ dwp(w)e~@ti=t) 1 Z otk fi g, (1.64)
7=0

j=0 j=0

\V]

where f;; is an arbitrary function of the two indices and where we used the discrete version of
the identity given in Eq. (A.2). With these simplifications we find the Keldysh input-output
action,

Sio [(ba Pin, @out] = S}S(’)[(b] + SiB?[SOina @out] + S{(/)[¢7 Pin, onut]a (165)

where the constituents are,

N—2
i K
S§[¢]:SS[¢]+Z§ 5t[¢]+1 1+¢j 1¢]+1] (1'66)
j=1
. 10 0 0\ /¢h;
o oyt 0 o edy
SB[#in, Pout] = Z (Soin,j Pout,j Pout,j @imj) 0 -1 1 0 o - (1.67)
= 0 0 -1 1)\
Sain,j
—ilnpp(pin),
Siﬁ)[gpilﬂ @Out] = SV [¢7 95]
N-1 )
=idtVk Y {quwit,jfl — Put i1~ Oj—1%outy + @i;,j—lqﬂ' (1.68)
j=1

13



In the continuous limit these expression are,

sglol = [ "t 50 (10 + i )0t ()~ 6 (1) (10 — i o 0 (169
— Hs(6* (), 67(8) + Hs(6~(1).07(1))].
1 0 0 0\ /e
. tn o +
Slemeanl =1 [ (@50 @@ e @) [ 3 L] 2|
’ 0 -1 1)\ e
_ilan(@in)v

S¥[Pins Pout] = Z\/E/t Lt (61 (O (t) — @ut ()T (£) — & ()poue (1) + Gin () (1)]. (1.71)

Here we dropped the boundary term in S¥[¢] since its influence should be negligible in the
presence of dissipation and under the assumption that g — —oo. The differential element is now
given as follows,

D[¢a Pin, Soout] = D[Qb]p[@ln]p[@out]

N-1 N-1 N_1
= | II dlef1dis; 1| | 1 dleh Jdlen ) | | TT dleda Jdleon] |- (1.72)
j=0 j=0 =0

1.4.2 Input States

In this subsection we will consider different input states. The input state here is the initial state
of the bath pp(pin) that appears in the bath part of the input—output action in Eq. (1.70)). The
thermal state will play a central role in the following, for a definition and important properties
see

Thermal State

We firstly consider the case where the bath is in a thermal state at ¢,

pB(Po, pan—1) = exp Z e P or 0k, an—1 H (1— e Per). (1.73)
k k

We further assume that all frequencies interacting with the bath can be set constant w; ~ Q Vk
and use the relation introduced in Eq. (1.62)) to express the initial state through the input field,

N—1
_ _ _ _ N
pB(pin) =exp [e P2 "ot o | (1— P27 (1.74)

Jj=0

Product of Coherent States

For the input being a product of normalized coherent states,

pB = ®e—\ak|2 o) (o], (1.75)
k
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we find,

pB(Po, p2n-1) <@ %,ol) (@6 el ) ak) <®|<Pk2N 1)

2 _ _
—|a o — = — 2
= | | e lokl” oPr0 Ok PR N1 — exp lg Pr,00 + OpPEaN—1 — || ]
k k

N-—-1 \/& ,
j=0 k \/N
mjzf elwrlti=io) gy zam]. (1.76)
k

We introduce the function f to encode the information over the input state,

Z e iwn(ti—to), (1.77)

k=0
with this we can express the input state as follows,

N—-1

palpm) = exp | S ot(fieh,; + Fivmy — 112) |- (1.78)

=0

Details on this step can be found in

Through the coherent states ay, we can now implement an arbitrary function f; in the input
state. We mention two important examples in the following,
Pulse of vanishing temporal width:

ot
o = a\/;ezwk(tzto) = fj =0, 0. (179)

Monochromatic coherent signal:

ar = aV NGty 4 = fj = ae@alti—to), (1.80)

Displaced Thermal State

The density matrix of a displaced thermal state is given as follows,

e = Q) (1 — e %) D(ay)e P8 Di(ay,). (1.81)
k

Where we use the displacement operator D, a definition and important properties can be found
in the appendix, see We again evaluate the contribution in the input-output action,

pB(po, v2n—1) = {pol PB |P2n—1)
A _ At A A
—® —Br) (0o k| D(a)ePxarax DY () pan 1 1)

= ® (1—ePr)Ag (1.82)
k
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using the relation from Eq. (A.41)) above we get,

Ay = eflak|2+§9k,2N—15ék+¢k,Oak <<Pk,0 _ Oék| e*ﬁwk‘il‘ik |<Pk,2N—1 — Oék> . (1.83)

Further using the relation from Eq. (A.28) we find,

a2 (1—eB%k B
pE(Po, pan—1) = lHe e [7(1 (1 — e Pon)
k

exp lz [e P g 0ok on—1 + (1 — e P ag@ro + (1 — €Bwk’)5¢k90k,21v—1]]~ (1.84)
%

Again we assume a flat spectral density for the relevant modes, exp(—Qfwy) ~ exp(—p££2), which
in the continuum limit leads to,

pB(po, pan—1) = (1 — —ﬂQ)

exp [/ dt[e P2@ (e () + (L= e ") (F(1)@ih (1) + Ft)pm(t) — If(t)z)]]- (1.85)

Note that N goes to infinity in the continuum limit and the prefactor (1 - e’ﬁQ)N is simply
a shorthand for the normalization constant. From this expression we can also arrive at the
continuum limit of the thermal state from Eq. by setting f to zero and at the limit of the
displaced coherent state by setting the temperature to zero.

1.4.3 Reduced Action for the System

In this subsection we consider the reduced action for our system, i.e. we integrate out the input
and output modes to achieve a description of the system alone that we can check against existing
descriptions of our setting. We begin by integrating out the output modes from the input-output
action S*°. S¥ contains no input fields so we focus on S¥ and Si? and find in the exponent,

N-1
Sl[¢’ 9011’1 - + 0t Z |:S01n 380111_] + (plll ]SDIH] + \/7(¢+S01n j—1 + @1:1,]—1(25;)]

— ot Z {@i:l,j@i-;,j + \/E(szi_n,j(rbj——l + sz_—ﬁpitl,j) + “‘5]‘_—1¢j—1] —ilnpp(pin).
j=1
(1.86)

We introduce a new pair of fields,

1
+ - q —
— (T (t) + o~ (1), )= —
"0+ (1) 0 = 5
The superscripts ’cl’ and 'q’ stand for the classical and quantum components of the field. Intro-
ducing these fields is often referred to as a Keldysh rotation [7].
Calculating the necessary integrals and performing a Keldysh rotation as well as going to the

pol(t) = (P*(1) =™ (1). (1.87)
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continuum limit we find,

S'[¢, pin] = S5[¢] + Skleim] + Si [0, inl, (1.88)
Sylol = Sslol +in [ a|390°() - 53060 + 33000 (1.89)

Sy lpm] = i / " [t (e (t) + (et — Gt 0] — imps(en),  (190)
Si (6, om] = iR / " [t () — g (0)69(1)]. (1.91)

To integrate out the input modes as well, we revert back to the discrete notation and evaluate
the contribution from the boundary term,

ln(pB(gpin)(l - efﬁﬂ)ﬁv) =
N—-1 B
Z e_'Bﬂét@;j%;,j + (1 - 6_69)& [fj‘;’;;,j + fj‘Pi;l,j - |f]|2} (1.92)

Jj=0

The factor (1 — 6*39) N serves as a normalization and will drop out of the integral during the
integration. We will neglect it from now on. This leads us to,

o i - - 1 0 ‘Pi+nj
Z(SB[<pin] +SV[¢a¢in]) =—0t Z ((pin,j @in,j) -1 1 ’

j=0 Saiﬂ;j
N—-1 B
+ >0 et son s+ (1 e P Not| fyah + Fiemy — il
Jj=0

N
— oty \/E(g’f@fﬁ,jfl + Ping18; ~ Pingo19i-1 — ‘Z’J‘_—l@itl,j)-
j=1
(1.93)

As usual we employ the formula for the Gaussian integral, and performing the continuum limit
in all terms, we get the reduced action,

tN B B
Ste) =Sslol + V2 | ar(F@ae) - F)6'(0)
tNn
vin [ 2nn + 061000 - 060 + 35 06°0], (9)
to
where we introduced the occupation number of the bath,

(1.95)

The second term in Eq. (1.94) corresponds to a coherent Hamiltonian drive term of the following
form,

Hp(t) = —ive(f(H)al — f(t)a), (1.96)
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and the last term corresponds to the action of a Markovian thermal bath [I3]. The discrete
version of the action in Eq. (1.94) above is

N-1
S[6] =Ss18] + i 3 016741671 + 6510741 — 205 1671]
j=1
N2 ) ) )
+ 0tV/k Z [f (¢;—1 - ;L+1) + /i (¢j+—1 + ¢;+1)]
=1
JN72 ) )
+ 0tkng (6721 = ¢731) (11 — d11) (1.97)
=1
with
N-1 st — o . N-1 T — 47 )
Sslo] =Y ot|idf <= — Hs(0] .67 )| + D _ ot [iqujdtjl + Hs (5,6, 4)
j=1 =1
+ igopo — i1n ps(do, pan—1). (1.98)

1.4.4 Stationary Phase Approximation

In this subsection we derive a relation between the system field and the input and output fields
in the semi-classical limit of our field theoretic approach. In the semiclassical limit where A
tends to zero, our system is expected to take those trajectories through its state space where the
action is stationary, hence this is called the stationary phase approximation. The relations we
derive with this approach will be the analogue to the input—output relation from the standard
input—output theory from Sec. With the Keldysh rotation, we can rewrite the input-output
action as follows,

W (FRONT( L0 ek e
@gut (t) _1/2 _1/2 1/2 3/2 Qogut (t)
_ilan(SOin)v
S8 el = 15" [ dU[(@0) + 590) (450) + #(0) (1.100)

— (P () + Poue (1)) (¢°1(1) + ¢%(1))
= (6°1(8) = 9(1)) (05 (1) — e (1))
+(Pn () = 1) (67(1) — ¢ (1)] -
We are now interested in the relation between the input and output fields with the system fields

and each other for a stationary phase. To determine this, we compute the functional derivatives
of the input—output action, that we will simply refeer to as the action S in the following. For a
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definition of the functional derivative, see

(;soi() = fééélut(t) + %@?ﬂl(t) - %@?n(t) - %@gut(t) n @(é“(t) _E@), (L0
&055@) = o+ et - Lo+ s - L@ w - dw). 110
@fj( 5=~ 3900+ 30+ JA O+ ) + FYE 0+ em). (1109
o =~ Sal) — 30+ A0+ A0+ L0+ ). (1101

Setting these equations to zero and combining them we find,

Pout(t) = 95 (t) + Ve (1), (1.105)
Pous (t) = @i () + VEg(t) = (1.106)

These equations are the analogue of the input-output relations from the standard input-output
theory,

bout (t) = bin(t) +V/Ra(t). (1.107)

The fact that the quantum part of the field is zero here is a consequence of the stationary phase
approximation. A stationary phase means that we take the classical trajectory and no coherences
are built up.

1.4.5 Statistics of the Input Field

We now turn to deriving the statistics of the input field from our generating functional Z. This
in itself will not lead to information about the system but will serve as a way of introducing
the methods with which we will gain access to the statistics of the output field later on. After
integrating out ¢o,t and ¢ the action reduces to the part dependend only on the input bath
modes defined in Eq. , S%lpin]. This can heuristically be derived as follows; the path
integral is always normalized to one, even for a non-Hermitian Hamiltonian, and S}, [@, pin] looks
like the system action from a non-Hermitian Hamiltonian,

i = —iv/R(gh(0al — gn(1)a),

hence integrating out ¢ in the terms Si,[¢, pin] and S§[¢] results in a factor one. The integral
cannot be explicitly solved using the formula for the Gaussian integral since the system Hamil-
tonian Hg is unspecified at this point.

As it is customary in equilibrium quantum field theory, to access physical expectation values
we introduce source fields into the expression of the partition function. These source fields are
entered in such a way that functional derivatives of the partition function with respect to the
source fields then generate the expectation values of the fields in question [T}, [10]. In order to get
access to the statistics of the input field, we introduce the moment generating functional,

A, X] = / Dlgin]eiSnloml=i fig” dtx(Oel+x' O, ()] (1.108)

where we entered the field of the output and its hermitian conjugate on the forward and backward
time branch respectively so that they generate time—ordered and normal-ordered expectation
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values. This functional generates the moments of the input field,

L ZL . / _ A.T 7
(HZéX(tl)) (1;[ 5X,(tp)>/\1n[x,x] 0 <lem(t,,)] [Hbm(n)b, (1.109)

P
An equivalent way to access the statistics of the input field is through the cumulant generating
functional S,

’

X=X"=

Sin[XaX/] = IOg (Ain[val})' (1110)

This functional is defined as the logarithm of the moment generating functional A and as its
name states, generating the cumulants of the field it describes,

0 0 / A ~
(Hzax(tl)> (gzw>&n[%x] = << ll;[ bL(t;;)] lrl[ bin(m] >> (L111)

We will stick to the moment generating functional in the following but we want to stress that
these two functionals are on equal fotting with respect to the task of determining the statistics
of the output field since the cumulants can be determined from the moments and vice versa. To
perfom the integration over ¢;, we again employ the formula for the multidimensional Gaussian
integral. The discrete result can be found in the appendix, see in the continuum limit we
find,

x=x'=0

Ainx, X] = e i AtlixOF O+ OF O+x(OX (ns], (1.112)

This produces the following moments,

(bin(t)) = i(;X(ﬂA[x’,X] T f), (1.113)
(1) = F (), (1.114)
Ol (Obin(t)) = F@O (') +npd(t —t'). (1.115)

The delta distributions appearing here are a consequence of the Markov approximation we made
when considering the system—bath interaction.

g@-function

We define the g?—function for different times,

At ~F S

bi (t1) by (t2) bin (t3) bin (¢ :
92 (11, o, ts, ta, s, te) = (i 1)A;n( Q)A (ts) b(ta)) [to, tn]Vi, (1.116)
(bin(t5) bin(t6))?
which for the specific choice of,
t1 — ¢, to =+t +T, ts =+ t+T, ty — t, ts — ¢, te — t, (1117)
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reduces to the usual g(? (¢, 7)-function. For the input field we get the following results for the
constituents of the g?~function

(B (1) By (£2) Bua(t3) Bin(£2)) = F(02) F(82) f (£3) f (£4) (1.118)

+np [f(t1)0(ta — t3) f(ta) + f(t1)0(t2 — t4) f(t3)
+f(ta)d(ts — t3) f(ta) + f(t2)d(tr — ta) f(t3)]
+ 77,23 [§(t1 — t3)5(t2 — t4) + 5(t1 — t4)5(t2 — tg)],
A

(bin(ts) bin(t6))* = (f(ts) f(t6) + npd(ts — te))z- (1.119)

P-functional

The P-function, sometimes referred to as the Glauber—Sudarshan P representation, is a well-
known tool from quantum optics used to write down the phase space distribution of a quantum
system. It is one of many formally equivalent quasi—probability distributions that describe light
in the phase space formulation of quantum optics and can be generalized to multiple times in form
of the P-functional [8, [0]. We can obtain the P-functional of the output field in our treatment
by Fourier transforming the generating functional A,

i [N X (t)o a -
Pula] = / DlyJei ¥ #R@aO+a@xOI 1o ]

= /D[X]eiffoN dt[x(D)a(t)+a(t)x(t)=x(t) £ (1) =x(8) () +ilx(8) | *ns] (1.120)

_ nlleeXp{/t:” gl an(t)IQ}'

Where we employed the formula for the Gaussian integral in the last step. Note that the argument
a here has nothing to do with the coherent input states. With the differential elements given as
follows,

N-1 N-1
Dlx] = [ otdlx(®), Dla = [] otdla()), (1.121)
=0 j=0

the P-functional is normalized to 1.

1.4.6 Statistics of the Output Field

Similarly to the previous subsection, we want to gain access to the statistics of the output
field and to that end introduce a generating functional. The discrete version of the generating
functional of the output field and its derivation can be found in the appendix, see here we
focus on the continuous limit,

Aout [Xa X/] _ /D[(ba Dins @Out]eiSiU[¢,¢i!‘7¢O‘lt]_i ft%N dt[X(t)ﬂ":rut(t)+X/(t)§5<:ut(t)] . (1122)

This generating functional again generates the following normal and time—ordered moments,

<Hi5xtztz)> <Hi(gxl6(tp)>A0ut[X7X/] = <lH Eiut(tp)] [H 6Out(tl)] > (1.123)

x=x'=0
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With this we can evaluate the different moments of the output field and its hermitian conjugate
as well as other common statistical quantities such as the g(*) or ¢ functions.

We integrate out the output bath modes using the multidimensional Gaussian integral. In
the exponent we find,

10 0 0\ /et
tN -
o ) B I -1 1 0 0]
1S =i5% —/ At (7 (t) Bt () Pous () @it o
S[‘b] " (<Pm( ) ¥ t( ) ¥ t( ) ® ( )) 0 —1 1 0 S%ut(t)
0 0 -1 1)\t

—VE /t " [FH Wt — (6T () — (D) + Fne ()] (1124)

i / " At (1) + X (D7D,

to

Evaluating the path integral over the output modes leads to the following action,

516, im0 X' = 5[, 0in] - / " a0 (G0 + VRS (1) — X (1) (@) + VRd(1)]-
(1.125)

Integrating out the input fields as well and using as an input state the displaced thermal state
we get,

S[é, x, X'] /O dtx(t [ \/g(2n3+ \/7¢°1 }
/to dtx(){f(t) \/>(2n3+ )&q(tH\/za_ﬁd(t)} +i/t:N XX (t)ns.

(1.126)

Here S[¢] is known from the section on the reduced action and can be found in Eq. (1.94). This
leaves us with the moment generating function now only being a path integral over the system
modes ¢,

Aout[x: X') = / D(g)e's1oxxT, (1.127)

The action here is,

Sl x) =Sslol + i [ e np + DEOS) - 3OO0 + 55000

to

+Nﬁ/t ) dt[f(£)d%(t) — F(£)p(t)]

_ /ttN dix (t) {f(t) + \/E(zng 1)) + \/Eqbd(t)} -
N /ttN di' () {f(t) - \/;(2“3 D) \fqﬁd ]

i / "t s,

to

Note that this, with the exception of the input state which we chose to be a displaced thermal
state, is still general and Sg[¢] is the only system specific term.

22



P-functional

We can obtain the P—functional by Fourier transforming the generating functional A,
Pola /D i Jid¥ atR@a+aOXMI | o /D ciSpls.al (1.129)
ny

With

seisol =86l i [ a0+ s+ viw - \5a0]  a)
ol - () - aoms + 1) - [50% o),

S16] = Ssl6] +ivEm / " ar(F(0)F() - 1)) (1131)

and

+ik / ON i [(2@ FUFE06) — 567 (06°(0) + ;w(twcl(t)].

The discrete version is given as follows,

st K - K-
Splo Pl +i 2 . [ \/;(2713 +1)¢f — \/;qﬁgl} (1.132)
o= 5 - B s 13- B

with
K i _
S[(b] =Ss kb] 5 (;t J+1¢] 1t (bj 1¢j+1 2¢;_1¢j+1] (1133)
j=1
¥ _
otV Z (£ (851 — &fi1) + Fi(6-1 + 6511)]

Z .
g,&

+tkng (¢ i1 ¢;r+1)(¢;11 - ¢j_+1)'
1

<.
Il
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Chapter 2

Damped Harmonic Oscillator

In this chapter we apply our novel formalism to a simple system which is solvable through the
methods of standard input—output theory as well. This serves as a way to familiarize ourselves
with the formalism and as a proof of concept. The system we consider is that of a single mode
which is coupled to a Markovian bath which results in a damped harmonic oscillator. We will
first solve for the statistics of the input and output field using standard input—output theory and
then show how the same results can be obtained using the Keldysh path integral approach to
input—output theory.

2.1 Damped Harmonic Oscillator with Standard Input-
Output Theory

The Hamiltonian governing our system has the following form,
Hs = wgila, (2.1)
where the system mode a obeys the following commutation relation,
la,a'] = 1. (2.2)
For this specific Hamiltonian the equation of motion of the system mode from Eq. is

d K ~ K IS K ~
f_ fta a1 B _ P ] — _{(; LAY !
0= iws la'a,a) 50 VE bin (t) iwsd — 3 VE bin (t) (zws + 2)(1 VE bin(t) .

Equivalently we find the equation of motion containing the output field,

di& = f(z'ws - g)& — VR bous (t) - (24)

We can formally solve these equations to find,

t
a(t) = e~ (s t5) =)0y — g [ dre (s t3)E=p (7). (2.5)
to
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Figure 2.1: Plot of the phase of the transmission coefficient for fixed x. The line connecting the
minimal and maximal value of the transmission coefficient in this plot is an artefact.

This represents damped motion for (i) even with no input, (b

in(t)) = 0, since a oscillates at the
frequency wg and contains the exponential damping factor e~ 2*. In the limit of no coupling, i.e.
Kk — 0, we retrieve the unitary time-evolution,
at) = e7wst=to)g ()
In the following we reproduce a derivation of the relationship between the input and output fields
get,

(2.6)
given in [5]. We start by Fourier transforming the equations of motion of the system mode to

(2.7)
fbout [W]

For the convention of the Fourier transform in use here, check Combining these equations
leads to the following relation between the input and the output field,

(2.8)

- _ 2(ws —w) +ik;
bOUt[w] - Q(CUS — w) — iﬂbm[w]'
coefficient,

(2.9)

With this we recover the result from [3] and from this expression we can read off the reflection

R[w] _ < AOUt [CU]>,

{bin [w])
see Fig. 2.1}

Furthermore we can rearrange Eq. to get the following relationship between the input
field and the system mode,

(2.10)



We now consider the case of resonant driving, i.e. wg = w. In this specific case the relations
derived above simplify as follows,

bout[wS] = _Ein[wS]v (211)

alwg] = fjéin[ws] = ﬁbout [ws]. (2.12)

Displaced Thermal State as Input

So far our treatment was independent of the specific input state. Now we assume that the bath
is initially in a displaced thermal state,

pp = Q) (1 — ™) D(an)e i Df (o). (2.13)
k

For this specific scenario we can explicitly compute the moments of the input field,

<?)in(t)> = Tr{?)in(t)ﬁg} = % Ze_iwk(t—to)a;k(to»
k

(b (6) B (£) = FOF(E) + 8t — ), (2.16)

where we assumed, that e #“* ~ ¢~ % and then attain the same results that we get from the

Keldysh approach in Eqgs. (1.113)), (1.115]).

We can further compute the moments of the output field by using the input—output relation from

Eq. (LZ0)

t
(o (0) = (B (0) + Ve 5N aftg)) — [ e ios(0T)e Oy (1),
t
’ (2.17)

which in the limit where the initial time is in the distant past, g — —oco, simplifies to the
following,

(o () = £(0) ~ i [ a $2)6" (e~ ), (2.18)
with,

GE(t —t') = —if(t — t')e s (=t =20t (2.19)
In the style of the Keldysh formalism we introduced the retarded Green function GF(t —#') here.

For the hermitian conjugate of the above we will use the advanced Green function G4 which is
connected to the retarded Green function in the following way,

[GAt—1)]" =GR — 1), (2.20)
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note that throughout this thesis, the single Green functions are always considered in the contin-
uum limit and are therefore not matrices. This leads to,

() = () +m/dt’ FE)GAH —t). (2.21)
Further we can compute the output flux,

(B e (1) bous (£2)) =F(01) F(t2) + 8(tr — t2)ns
— 1K (nB (GR(tQ — tl) - GA(tQ - tl))
w7 [t 6Re - )W) - 1) [0 @A - mf(t'))
+ K2 (nB/dt' GAt —t1)GB(ty — 1)

+/dt/dt’ FEHGA —t1)GE(ty —t)f(t))

= (B (E0)) (Bour (t2)) + sty — t2), (2.22)

which in the limit of zero temperature, ng — 0, simplifies to the absolute value squared of the
average output field.

2.2 Damped Harmonic Oscillator with Keldysh Input—Output
Theory

We now turn to the treatment of the damped harmonic oscillator with the Keldysh path integral
approach detailed in Sec. [I.3] The central goal will be to evaluate the moment generating
functional from Eq. (1.127)) to get access to the statistics of the output field,

Aout[x; X'l = / D, Pims pout] €™ T E =Y dtx(Oelue (D4 (085 (1)

_ /Dw]eiS[@x,x/]. (2.23)

With the system Hamiltonian Hg = wgala, we can evaluate the system specific contribution
Sg[¢] to the action,

N-1 L oF—oT _
sio- Sl nsr o
j=1

N-1 - 4= )
SPILL [wj_(ﬁ](st%_l - “591’5‘1’3‘_1]
J=1

+igogo — i1n ps(¢o, pan—1)-

Neglecting the boundary terms and going to the continuum limit we find,

Ssl¢] = / "G [F* (1) (i) — ws) () — 5 (8)(i0, — ws)d™ (1)

to

_ / "t 3(1) (10, — ws)o 2) + ()0, — ws)d(1)]. (2.25)

to
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Inserting this back into the action S[@, x, ] we get,
st 050 (oo AN
+ (—if( 2%;— ;/\/% (2ng +1 ) <¢1((:))>

( X' ()5 ) ((sz(t)>
FOV2ZE+X' (t)\/52ns +1)) (1)
= X(O)f () = X () () + inpx(®)X'(1).

We now artificially introduce a second integral over time ¢’ for the quadratic term in order to
cast the path integral into the general Gaussian form to which we can apply the formula for
multi-dimensional Gaussian integrals from [A22.7]

S[e, x, X'] (2.27)

/ (ﬁf> (5 + 0 —uopao—ey ma it ) (iiéfiﬂ

o ( N0 g +0) (000) * (rovme V0 R ) (R

f(t) () F(t) +ix(O)X'(1).

From this expression we read of the inverse Green functions,

G —t) = (—Z; + (i0 — ws)) 5(t—t), (2.28)
(G ¢ —t) = (Z; + (0 — w5)>5(t —t), (2.29)
(G5 (¢ —t) = in(2np + 1)5(t — ). (2.30)

By Fourier transforming and solving for the inverse, we determine the Green functions in the
frequency domain,

1

GAlw] = ————, (2.31)
Ww—wg — K/
Rp 1 1
Gl = S (2.32)
GXw] = —GRw] - [ W] - GAwl, (G [w] = ik(2np +1)). (2.33)

Note that already at this stage we find that the relation of G¥[w] to GA4[w] is the same as the
relation between output and input in the classical input-output theory, see Eq. (2.9)),
9 _ .
L) = 2Ws =@ TR pap (2.34)
2(ws —w) — ik
The Green functions in the time domain can now be found by a further Fourier transform,
GAt —t') = if(t' — t)e st /2=t (2.35)
GE(t —t') = —if(t — t/)e st =20t (2.36)
GK(t _ t’) _ _Z-Fefiws(tft’)67'€/2|t7t’|7
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where we introduced the distribution function F' = 2ng + 1. With the Green functions we can
now define G,

Ky 4 R(y _ 4
G(t—t/)—<G (t—=t) G (to t)>

GA(t —t')
i, —iwg (t—t') ,—r/2|t—t’ o o, —iwg (t—t") ,—r/2(t—t’
= (i et ey OO
and with it evaluate the moment generating function,
Aout[X, X'] = etSbox'], (2.38)

If we let our dynamics start in the far past, tp — —oo, and end in the far future, ¢ty — oo, we
find,

Shx] = / dt / dt'in (X(DGR(t — ) [(t') - FOGAE — )X (1))
- / dt (x(D)F(t) + X' (O F(t) — ix()X (t)ns). (2.39)

From the moment generating functional we now have access to the statistics of the output field.
We start by calculating the first moment of the output field and its hermitian conjugate,

7 — 3 Aout X, X' _ ik I\ R (4
(bout(t)) = ox(®) . f() /dt FHGH (-t (2.40)
(Bhue()) = (bout (8)) = F (&) + Z'H/dt' FENGAE ). (2.41)

Through these averages we can rewrite the exponent of our generating functional in a concise
manner,

Aout [X? X/] = e’LS[X’X/]7
Sex) == [t (x(Obos () + X OB () + imexON D). (242

From here it is also convenient to compute the cumulant generating functional from Eq. (1.111)),

Sounbes ) = =i [t (x(Oune(®) + X (OB (0) + inax(OX' ). (2.43)

From either of these expressions it is now straightforward to compute further moments of the
output field. We firstly calculate the ¢g")—function,

2t Ay 62 Alx, x']
<bout(t1)b0‘dt(t2)> - ( ) 6X/(t1)6x(t2) o
= t2 +(5(t2—t1)ﬂ3

—m( (t1 /dt GR(ty =t f(t') — f(tg)/dt’GA(t'—tl)f(t’))
+m2( it [[at 1O)F 06 1 - 116 - 1))

out(t1)>< out(t2)> + 5(t2 — tl)TLB. (244)
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Further we calculate the g(®)-function in the same fashion as we did for the input-field,

N 1t . 5

(bout (t1) bt (t2) bout (t3) bout (t1)) = (4) 3 Aout[x, X]

4
O/ (t1)0x/ (t2)0x(t3)dx(ts)
= <Bout (t1)> <l;0ut (t2)> <l;0ut (t3)> <80ut (t4)>

— 13 (o ()} bout (£2))0(ts = £1) + (Boue (£3)) Boue (£2))0(ts — 1)

- {bout (1)) (bout (41))(25 = t2) + (ot (£))bous (12))6(t4 — £2))
+nB(8(ts — t2)d(ta — t1) + 0(ta — t2)8(ts — t1)). (2.45)

x=x'=0

For the special case of no coupling between the bath and our system, x — 0, we find,

Gomk (1, ta, - te) - (F(ts) f(t6))” = F(ta) F(t2) f(t3) f(ta)
+np (f(t1)6(ts — t2) f(ta) + f(t2)0(ts — t1) f(t3)
+f(t2)0(ts — t1) f(ta) + F(t1)8(t2 — ta) f(t3))
+ 1% (8(ty — t4)d(ts —t1) + 0(ts — t2)0(ts — 1))
(2

= g2 (t1, b, t6) - (F(t5)f(t6)), (2.46)

as expected from the input-output relation and the ¢g®—function of the input field. In the case
of zero temperature, i.e. ng — 0, we get,

<Eout (tl» <b0ut (t2)> <b0ut (t3)> <bout (t4)> )
({Bous (#5)) bt (t6)))

2
gc()u)t(tlvt% s 7t6) =

(2.47)

P-Functional

In the case of the damped harmonic oscillator it is also possible to evaluate the P—functional
exactly,

i [N X(t)a a - 1 7 [eY
Poulo] = /D[X]e Jod¥ dt[x(t)a(t)+ (t)X(t)]Aout[X;X] = —ye Sela] (2.48)
B
Spla] = —ni dt(—m/du GAu—t)f(u) — f(t) +d(t)> (2.49)
B

Gn/mMﬁ@vﬁ@>ﬂo+au0
i/ﬁmw@mmw.

np

(2.50)

The P-functional here corresponds to the P-functional of a displaced thermal state where the
displacement is given by the average of the output field (o, (t)) and it reduces to the P-functional
of the input field in the limit of no coupling, x — 0,

s 1 la(®)—f(®)[2
Poia] =¥ =&l “755 T = Palal). (2.51)
np

Note that here we also made the same assumptions on the initial and final times as made for
the generating functional above, tg — —o0, ty — 0.
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2.2.1 Frequency Space

We now switch to describing the dynamics of our system in the frequency domain. This is
achieved by rewriting the generating functional from Eq. such that it generates the mo-
ments of the output field in frequency space and a subsequent derivation of the statistical quanti-
ties in question via functional derivatives as before. We consider the exponent of the generating
functional in Eq. where we introduced the source fields in the time-domain,

iSio[¢7 Pin, @Out] a Z/ N dt [X(t)(p;rut(t) + X/(t)(ﬁglw(t)} T (252)

to

and rewrite the fields ¢, (¢), @5 (t) using their Fourier transforms, assuming o — —o0o,ty —
007

. o0
e = 0806, i o) = 5 [ o] + Flely ). (2:53)
— 00

From this expression we can see that functional derivatives with respect to x will generate the
moments of the output field in frequency space and functional derivatives with respect to x’
will generate the moments of the hermitian conjugate once the functional has been rewritten
through the Fourier transforms of its constituens. This means in frequency space we replace
Aout X X'] = Aout[X, X']. This reformulation leads to

Sex) = —gs [ din (FLIGAIX] - WG + Xl (259
[0l ] — iRl o). (255)

Similarly to the procedure in the time domain we compute the first moment and its hermitian
conjugate,

5A0u 77 ! { io .
E[X v ~ Ton /D[¢7 Pin, ‘Pout]ﬁojut [W}GS [6:fin ol
oxlw]  ly=y=o 27
i = — i
= o galel) = o Gl (2.56)
5A0u X> ! T _ io .
tI[X X ] _ _ D[QS, Din, @out]@jn [CJJ]@S [¢7@1n7@out]
ax’[w] X=x'=0 2
T, __ S
= L (gl = = (Bl (257

and use these results to rewrite the exponent of the generating functional from Eq. (2.55)),

1 o)

Sl x'] = deo () (Boue ) + X' [] Bouelil) — inpxWIX[@]).  (258)

5 N

These moments are,

(o) = 2 X o)1 = i), (259
(blut[w]> = 2mi 6Ag‘;/[i}’}xl] o = f[w](l —I—ZRGA[ ]) (2.60)




We again evaluate the ¢()—function,

o f 7 o i 2 52A0ut[>27X/] — 7 W 7 W . W — w
<bout[w1} bOUt[w2]> - (2 ) 5x’[w1]6)’([w2] o <bout[ 1]><bout[ 2]> +2 B(S( 1 2)7
(2.61)
and the ¢(®—function,
(e 01] Dot 02] Bt Bt e01]) =
4 5* Aout [, X']
BT S lox Twalox s axnl |y o
= (bout [w1]) (Bout[wa]) (bout [w3]) (Bous [wal)
+(2m)?*np (5(w1 — w3) (bout[wa]) (Bout [wa]) + 8(wr — wa) (bout[ws]) (Boue [wa])
+ 5(‘*)3 - W2)<i)out [W4]><?)out [W1]> + 6(""’4 - w2)<i’0ut[w3]><zout [w1]>)
+ (2m)* np(0(ws — w2)d(ws — wi) + 6(ws — w2)d(ws — w1)). (2.62)
In the limit of no coupling, Kk — 0, we get the following expression,
gomlwr,w, - w) =2 (Flw] Flooa] fluos] fleoa] (2.63)

+2mnp (6(ws — wi) flws] flwa] + (ws — wi) flwa] flwa]
+ O(wa — wa) flws] flwn] + d(ws — wa) flwa] flen])
+4m*n% (6(w2 — wg)d(ws — w1) 4 8wy — w2)d(ws — w1))) / (Flws) flws] + 2mnpd(ws — ws)).

In the limit of zero temperature, ng — 0, the expression again factorizes,

gé?l)t [wl,w% o 7w6] ”E;O <b0ut [w1]> <bout [W2]><bout [W3]><b0ut [W4]> ) (264)

(Gonelos) Gl

2.2.2 Coherent Input

So far our treatment has been independent of the input encoded by the function f. In the last
two sections of this chapter we will consider specific input states and evaluate the moments of
the output field for those. We start by considering a coherent input state described through the
following function as introduced in discrete fashion in Eq. ,

f(t) = Ae~twrt, flw] =27 Ad(w — wr). (2.65)
We find the reflection coefficient already derived in Sec. for the frequency domain,

A Q(LUL —ws) — 1K

(bout (1)) = (bin (t)) - s —we) Tin (bin(t)) - Rlwy], (2.66)

and that for this specific signal, the output flux exactly matches the input flux, also in accordance
with our previous results from Sec.
A A AT A~
(bin(t) bin () = (boue (t) boue(t)) = |A[* +n58(0). (2.67)
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The Dirac delta distribution appearing here is an artefact of the Markov approximation. Treating
the input as white noise results in the same noise being present in the output, these divergences
will vanish however for a detector with a finite bandwidth. We can further evaluate the g(®)—
function which, as expected of a coherent signal, reduces to 1 in the limit of zero temperature,

(B (8) By (4 7) Bin(t 4 7) Bin(8)) = (Bl (8) Bl (£ 4+ 7) Bows (£ 4 7) ot (0)) = A1, (2.68)

g (t, ) = ghm(T) = 1. (2.69)

On resonance, wy, = wg, we further find that the reflection coefficent is equal to —1 and hence
we retrieve (bin(t)) = —(bout(t)) as derived in Eq. (2.12).

2.2.3 Gaussian Input

We now turn to the input being a Gaussian pulse centered around the frequency wp in frequency
space and around the time p in the time domain described by the following function,
1 . 1 (t—w)? . (w-—wp)?o?
1) = ——e WPleTZ 2 w] = eMw—wr) e 2 . 2.70
F) =~ N ) flw] (2.70)

We find the following expression for the average output field,

(bous (£)) = (Bin(8)) - (1 - m\/fe ) erf<2<u )02 (ks + 2w — wp))>>7

V8o
(2.71)

which in the resonant case, i.e. wp = wg meaning the Gaussian Pulse being centered around the
system frequency, simplifies to,

<i)0ut<t)> = <i)in(t)> . (1 — mo\/zewerf(w>>. (2.72)

We can further evaluate the output flux in the resonant case,

(B ot (1) B (1)) = (b (1) Bin(8))

K
+ 4ﬁae

4t2+(2u+ma2)2 2y — 2
(ef&, \/;mrf<(ut)+W>

—Jée%+%) . (2.73)

In this limit the output flux factorizes into the average of the output field and its hermitian

conjugate, <?)Zut (t) bout (1)) = |(bout (£))]2, and hence vanishes at times t* where the answer of the
cavity negatively matches the input,

ft) = m/dt’f(t’)GR(t* —t). (2.74)

See Fig. [2:2] for a specific example where the output flux shows destructive interference with the
input signal. The interplay between light entering the cavity and light exiting the cavity leading
to this effect here is a general feature of input—output theory with time dependent drives and
can lead to non-trivial results.
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Figure 2.2: Input (red) and output (blue) flux in units of the coupling constant  for a Gaussian
pulse impinging on a cavity with a single mode. The input and output fluxes specify the number
of photons arriving per unit time at time ¢ and are thus denoted by an intensity I. At t* from
Eq. destructive interference happens due to the impinging light pulse negatively matching
the answer of the cavity.
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Chapter 3

Kerr Oscillator

In this chapter we turn to a system exhibiting a non-linearity in its Hamiltonian which will let
us showcase how perturbation theory comes naturally into the Keldysh formalism for input—
output theory. We will consider the Kerr oscillator, which is a well-studied system exhibiting
non-linearities where analytical solutions exist [2, [11].

The Kerr oscillator is described by the following Hamiltonian,

H=wsala + Katalaa. (3.1)

Obviously, the zeroth—order perturbation in the Kerr parameter K will yield the results already
derived in the previous chapter for the damped harmonic oscillator (DHO). Plugging this Hamil-
tonian into our system—specific part of the action yields the following,

N-1 L oF =9t - N-1 o7 — b, -
Ss[e] = ot lw}ﬂ&ﬂ —wsd) 7_1] - > ot [w;’&j - wsqs;_l(b;]
j=1 j=1

N—-1

+igodo — iln ps(do, pan—1) + Y 5tK((<Z§J~_,1¢j_)2 - (ci;jqﬁ;ll)?). (3.2)

=1

<.

In the continuum limit this expression becomes,

Ssl] = / " dE ()00, — ws)dT (1) — & (1)(i0, — ws)é™ (1) (3.3)
+K((6 0o (1)" = (6™ ®)°))
- / N dt[¢%(t) (10 — ws)d™ () + ¢ (£) (10, — ws) % (t) (3.4)

— K (999! + 61999999 + h.c.)].

Where we again introduced the Keldysh rotation in the last step. The complete action before
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integrating out the system modes therefore takes the following form,

Sl x, X'] = [/t:N dt’/t:N dt
(5 (i s ey SR (0]
tn _ 7 T, ¢
- / dt(—zf(t)m —X>(<t<)t>§§<2n3 + 1)) (fsl((f)) )

N ONE: ")
N (if(t)m Y (OVEns + 1)) (ww)
—xOF() = X' O FE) + inpx(®)x ()
— K (¢39¢%¢% + 3959996 + h.c.)

= Spuolo. . X1+ K | (6~ (e ()" = 6+ (st 1)”)

to

= Spuo ¢, X, X' + Sint[¢]- (3.5)

In the last step we wrote the action as a sum of the damped harmonic oscillator action and the
additional part stemming from the Kerr term in the Hamiltonian which we call the interacting
(int) part borrowing from standard quantum field theory.

3.1 Generating Functional

Now we turn to evaluating the generating functional which we will do perturbatively by expanding
the exponential containing the interaction in the Kerr parameter K to first order,

Row[x¥] = / DgleiSomoloo)gismlé) / DgleiSomolexx] (1 — iy, [¢] + O(K2))
= Aout [Xa XI]DHO (36)

~ iAol X owo [ ({6007 (0)*) 0 ) = (3 (06" () X]) + OK?)

The first term here is the generating functional already known from the damped harmonic os-
cillator and the second term consists of averages over the expressions in the interaction part.
These are however not actual expectation values in that they still contain the source fields x and
x'. We use this notation here to simply mean the normalized average values before setting the
source fields to zero,

(f(@*, 6 NI X' = (Aoulx. XIpro) ! / D[B)f (4T, ¢ )erSomolonx], (3.7)

We now turn to calculating these expectation values in the expansion. In order to do this
we introduce new source fields for classical and quantum field and their hermitian conjugates,
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¢, ¢, ¢!, 9, in the action of the damped harmonic oscillator,

Slo, x,...] =
[ [T (G (o ey E ) (?;‘lféffi)]
/ ‘“( Pty — >(<t<)t>ﬁ;<2>f;(t+) 1)—xq(t)> (ilfg)

X/ \/g X’Cl(t) T QECl(t)
* (Zf W26+ X' (t)/5(2np +1) — X’q(t)> <¢q(t)>
—X@) (1) = X (&) F () +ix(®)x' (1) (3.8)

After integrating out the system fields we arrive at the functional T,

/cl

TG X x4 X X9 = exp{iShy, x/s x@ x4 X X'}, (3.9)

from which we get the expectation values of the different fields through functional derivatives of
the following form,

(6" (O) 0 X'T = (Aoue[x X'Ipro) i (5;5@)

_ (Aout[ny/]DHO)_l /D[qﬁ]QBCl(t)eiSDHO[(b’X’X/]- (3'10)

xl=xd=x’cl=y’a=0

The action can now again be split up into the action of the damped harmonic oscillator and an

additional part,
G) () - GR0) () o

v [

<(5d(t)> 1 2\ T NI (!
<¢q(t)>> +/dt X(t) Gt —t)xX'(¢ ):|7

S = Spuolx, X'] — /dt

with,
@O = [ [\[5(E 0= n @) - 6O R) - VB -0)50)]. 312
GO = [ ][5 W = 0x0)+ 61 xR+ iVERGAE - 07, (s13)
o) = [ a5t -, (3.14)
@O = [ dt'\[ 56"~ 0x@) (3.15)
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From here we can calculate (¢T(¢)) by using the definition of the Keldysh rotation,
(@ ()X = \%((fbd(t)ﬂx'] + (%) [x])

= —/dt’\/E %GA(t—t’)x'(t’) +iGR@t -t f(t)], (3.16)

J— 1 _ _
V2
=— / dt'/k
_ b
V2
= /dt’\/E{F;rlGR(t’ —t)x(t') + iGA(t —t)f(t’)], (3.18)
_ L
V2

- /dt'\/E[F;lGR(t’ —t)x(t) +iGA(t — t)f(t’)] . (3.19)

((e ONXT = (61N XD

[F+1
2

(@~ ()]

GAt — )X (t") +iGR(t — ) f(t) |, (3.17)

(@* ()] (CRONNERCEONN))

CH OGN ({e () ] = (@) X])

Where we made the following and similar simplifications,

GE@t—t)+GAt—t) - GR({t —t")F
=GE({t—t)+ FGAt—t') - GR{t —tF+GA(t —t') — Gt —t)F = 2(F - 1)GA(t - t').

=0

(3.20)

We are eventually interested in the terms <($i¢i)2>[x, X'] that arise after expanding the inter-
action term containing the Kerr parameter. To this end we introduce the shifted fields,

6¢i = ¢i - <¢i>[Xa X/]v (321)
which fulfill,

(66%) = (Aow[x. XD (/ D[x]¢EeiSproldxx] Aout[x,x’]DHo<¢i>[x7x’]>

=0. (3.22)
We firstly evaluate <(5éi5¢i)2> by using Wicks Theorem,

((66%80%)%) = 2(56Fd0H)2. (3.23)

The expressions for (§¢T¢T) can be taken from [7] since this is now purely quadratic in the
system fields and the source fields only enter in the linear terms of the action,

(ST (oo™ (1)) = O(t — t')iG™ (t,t') + Ot — 1)iG=(t,t), (3.24)
(S~ ()60~ (1)) = Ot — 1)iG™ (t, ') + 0(t — t')iG=(t,1'). (3.25)

In order to evaluate (3¢T(t)d¢*(t)) we have to revert back to the discrete notation to de-
termine the time ordering. Because even though in the continuum notation it seems as if these
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two fields are evaluated at the same time, looking back at the discrete notation in Eq.
however, we see that one is actually evaluated before the other. In keeping with the continuum
notation from Eqs. (3.25)&(3.24) we find that ¢’ > t on the forward time branch and ¢’ < ¢ on
the backwards time branch. Therefore,

(60" (t")oo* (1)) = iG=(t,') — np, (3.26)
(6~ ()0~ (t)) = iG=(t, ') — np. (3.27)

On the other hand we can write out ((5@[5@[)2) by plugging in the definition of §¢* and
thereby get an expression for <($i¢i)2>[x, X',

((6%6%) )b }'] = (66 + (65) 1 X']) (6™ + (65D, X)) - (3.28)
Using Wicks Theorem and the fact that (5¢T) = (§¢p*5¢T) = 0, we get,
(6%6%)") = 2(00560) + (56566*)(65) (%) + (96E56%) (6%) (6%)
+(8678¢7) (0F) (0T) + (67)%(0T)%. (3.29)
Here we suppressed the dependence on x and Y’ for notational ease. With this we find,
(6%0%) ") X' = 203 + 35 (65) e, X 165) b XT + (65206 X162 e x ], (3:30)

and can now express the generating functional for the Kerr oscillator to first order in K through
the Green functions,

Aout [X7 X/] :Aout [X? XI]DHO
- iKAout[XvX/]DHO/dt [3nB(<é_>[X7XI]<¢_>[X7XI] - <é+>[Xa X/] <¢+>[X7X/]))
) Do XU e X T = (1) D XU ™) [ X ] + O(K?). (3.31)

From the generating functional, we can derive the cumulant generating functional by taking the
logarithm. For this we first rewrite the generating functional as follows,

Aout [Xv X/] = Aout [X7 X/]DHO
~ iAol Xomo [ (@00 0)")xx] - (5 (097 ()" X)) + O(K?)
= Aousx XIoso (1 ~ik [ ar(1(6 007 (0)) e x] - (67007 0) x’])> +O(K?)
= Aout[Xs X/]DHOe—iKfdt(<(<z3*<t>¢*<t>)2>[x,x/]—<(a3+<t>¢+<t>)2>[x,x’]) +O(K?). (3.32)

Now taking the logarithm is straighforward and results in the cumulant generating functional of
the output field,

SP6 X'Tkerr =8[x, X Ipuo — ik / dt [3ng ((67) X (7 IXT = (6" X (6 ) IX]))
+@)? D7) IX] = (I IXTI] + O(K?). (3.33)

From either the generating functional or the cumulant generating functional we can now derive
the moments or cumulants of the output field to first order in the Kerr parameter K.
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3.2 Statistics of the Output Field

We start by computing the expectation value of the output field for the Kerr oscillator to first
order in K through the generating functional from the previous subsection,

< bout (’LL) > Kerr — < bout (u) > DHO

+iK/dtGR(u —t) (Sngﬁ/dthR(t —t1)f(t1)
+2K° ///dtgdt4dt5GR(t—t3)f(t3)GR(t—t4)f(t4)GA(t5_t)f(t5)> LoD, (3.34)

For details on the calculation see For zero temperature (i.e. np = 0) this reduces to,

<bout(u)>Kerr :<Bout(u)>DHO
+2i K K? //// dtdtsdtydtsGT(u — t)GR(t — t3) f(t3) (3.35)
GR(t — t4) f(ta) G (ts — t) f(ts5) + O(K?),

and for K — 0 we retrieve the expected average value of the damped harmonic oscillator.
From the cumulant generating functional we can compute the first moment again, this time
however with much less work,

7 . 68[)(3 X/]Kerr
bou err — T~ = bou
(bout (u))x L ) o (bout (1)) pHO

+iK/dtGR(uft) (San/dthR(ttl)f(tl)

+2k? // dt3dt4dt5GR(t - t3)f(t3)GR(t — t4)f(t4)GA(t5 _ t)f(t;,)) L O(K?). (3.36)

Similarly we can compute the expectation value of the hermitian conjugate of the output field,

o1
= <bout (u)>DHO
x=x'=0

—iK/dtGA(t—u) (3an/dt1GA(t1 —t)f(t1)

AT o -§S[X5X/]Kerr
<bout(u)>Kerr =1 (SX/(U)

+252 // dthtsdt4GA(t2 — t)f(tz)GA(t3 — t)f(ts)GR(t4 _ t)f(t4)> + O(KQ), (3.37)

which is exactly the complex conjugate of (bout(u))Kerr- We turn to second order cumulants,

dS[x, X]
ox/ (u)dx (w)

ot A

((bout (1) bour (w))) = (i)

= (B 40 () B (w)) = (B0 (W) (o (). (3.38)

x=x'=0

For the Kerr oscillator we find that these cumulants match those from the damped harmonic
oscillator to first order in K,

((Bhue () Bora (1) err = (Bl () o (w)) )11 + O(K2), (3.39)
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which leads to the output flux taking the following form,

(B 1t (1) Dot () )icerr = (B30 () Dot (0))) D110 + (s (1) icerr (ot (1)) ere + O(K?)  (3.40)
= npd(u —w) + (b 1 (1)) ierr (bout (1)) kerr + O(K2). (3.41)

From the expression of the cumulant generating functional in Eq. (3.33) it is evident that all
cumulants of higher order than four must vanish. The remaining non—zero cumulants are thus
the following,

(B (1) B (1) Do (1)) D icere =

iKK?(2+ 6F7) // dtdt' GR(uy — ) GA(t — up) Gt — uz)GA(H —t) f(t) + O(K?), (3.42)
<<b(1;ut (ul) ?Jiut (U'Q) i)out (U3) ?)out (u4)>>Kerr = O(KQ) (343)

Contrary to the case of the damped harmonic oscillator in Chap. [2] the third cummulant does
not vanish for the Kerr oscillator. With this we have completely characterized the statistics of
the output field for the Kerr oscillator to first order in the Kerr parameter K.

3.3 Coherent Input

So far our treatment has been independent of the input encoded by the function f. In the final
section of this chapter we will consider a coherent input state described through the following
function,

f(t) = Ae~iwrt, flw] =27 Ad(w — wr,). (3.44)
For the amplitude A being equal to one, the average output field takes the following form,

ot ot die”"r Kk (8K + 3np (K + 4(wr — ws)?))

= u 2 . .
<bout(u)>Kerr - <bout( ))pHO + (ili + 2wy, — ws))((n + %wL)g + 4w%) +O(K~). (3.45)

The averages values of the damped harmonic oscillator (DHO) can be found in Sec On
resonance and in the limit of zero temperature this expression simplifies to,

5 f ol —iuw K
<bout (u)>K9TT = <b0ut (u)>DHO + 32e £ .

—_— K?). A
ik? — dkwg +O(K) (346)

At zero temperature and with the detuning A = wg — wy, the output flux takes the following
form,

~ ~ K 2
<blut (u) bout (w)>Kerr =1 + 256 3 R Ws 5
(482 + 12)” (52 + 4(A — 25)°)

+ O(K?). (3.47)

In both Eq. and Eq. we see a divergence for the coupling constant x and the detuning
A going to zero. This traces back to the fact that (@) diverges in the limit of zero coupling and
resonant driving, as can already be seen in Eq. from Sec. Hence the number of photons
in the cavity goes to infinity and perturbation theory in the Kerr term of the Kerr Hamiltonian
breaks down.
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Figure 3.1: Absolute value of the third cumulant for £/x = 0.06, a coherent input signal and
where we set ups = ug = 0 and varied vy = 7 in Eq. (3.42]).
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Figure 3.2: Absolute value of the third cumulant for £/x = 0.06, a coherent input signal and
where we set uz = 0 and varied u; = us = 7 in Eq. (3.42).
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Conclusion and Outlook

In this thesis we have explained the standard approach to input—output theory in Sec. given
an overview over the Keldysh path integral formalism in Sec. and detailed the derivation and
application of our novel approach to input—output theory through the use of the Keldysh path
integral in Sec.

The path integral based approach we presented led us to the well-known input—output relation
by means of a stationary phase approximation in our path integral, see Sec. and we defined
its most central quantity with the moment generating functional of the output field. From this
quantity, once evaluated exactly or perturbatively for a specified system, we showed how one can
derive the moments of the output field and evaluate the P-functional.

From this general treatment of the formalism, we moved on to two examples in Chap. [2| and
Chap. |3| to demonstrate our approach.

We first showcased our method through the solvable system of a single mode, i.e. a damped
harmonic oscillator in our setting. We solved for the statistics of the output field through
both the standard approach to input—output theory, Sec.[2.I] as well as our novel path-integral
based approach, Sec. Both approaches gave the same exact results without the need for
perturbation theory. In this treatment we devoted special attention to two input signals, namely
a time independent coherent signal, see Sec. and a time dependent Gaussian pulse, see
Sec. The latter showed interference effects between the input and output flux characteristic
for the setup we consider. No new results were found nor expected in this chapter and it served
as an introduction and test case for our approach. After this proof of concept, we treated the
Kerr oscillator in our novel formalism and derived perturbative results for the statistics of the
output field to linear order in the Kerr parameter. This was achieved by calculating the moment
generating functional as well as the cumulant generating functional in Sec. and subsequent
derivation of the non—zero moments and cumulants of the system in Sec. [3:2] Interestingly, we
found that contrary to the damped harmonic oscillator, the third cumulant of the output field
does not vanish for the Kerr oscillator in linear response theory.

Having presented the path integral approach to input—output theory and after applying it to
scenarios where comparison to existing results was possible, the next step will be to apply the
formalism to scenarios where it is difficult to obtain results with standard input—output theory.
A first step in this direction will be to investigate the parametric oscillator which is known to
produce squeezed states of light and then extend that line of inquiry to the Kerr parametric
oscillator which has the curious feature of displaying a negative Wigner function in the output
field for a positive Wigner function in the intra—cavity field [14].
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Appendix A

Appendix A contains additional information, theoretical prerequisites or omitted details in cal-
culations regarding the material presented in the chapter on theoretical formalism, Chap.

A.1 Standard Input—Output Theory

A.1.1 Method of Variation of Parameters

For a first order inhomogeneous linear differential equation,

Su(t) = pOy(e) + 1(0),

the solution, found by wvariation of parameters, is given by,
y(t) = v(t)el’® + 4eP®)

where
d

D h) = PO
Sul) 1),

and P(t) is the anti-derivative of p(t).

A.1.2 Retrieving System Modes from Input and Output

We make use of the following two identities,

/ dwe™ 1) = 278(t — 1), (A1)
/ drf(r)é(r —t) = if(t)' (A.2)
to
We prove the first relation, Eq. (1.13)), the second one follows from analogy.

wi+ow oo ] .
\/E / d(,d/ dt elw(tfto) bin(t)

270Gk Sy, —ow

1 /wk +dw /OO ) ) R
= dw dt gjettowi—w)gmitlw—w)p, (to).
27Tgk ; wp—ow —o0
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Integration over t yields a delta distribution,

1 Wi +ow ) R
= Z/ dw e @ =) 5 (w — wy) by (to),
9k [ wi—0w

and as dw is chosen s.t. dw < w; —w;—1 VI, we find,

1 . .
o= —grbi(to) = bi(to).
gk

A.2 Keldysh Input—Output Action

A.2.1 Bosonic Gaussian Integral

We cite the formula for computing bosonic Gaussian integrals from [IJ,

foo GO GG

v/det{T'}

A.2.2 Integrating out Bath Modes

What follows is a detailed description of the step in which we integrate out all the bath modes
from the system that are neither set at ty = tony_1 nor t§y = ty—_1. The notation here can be
confusing, the exponents Sy for £ = 1,2,3,4,5,6 have no imaginary unit factor ¢ contrary to
the way actions are usually written in quantum field theory. We are faced with the following
integral,

2N -1 )
Z:/ [T dig;le®st (Hd[@k,o}d[@k,N—ﬂd[@k,N]d[wk,zN—ﬂ631€SZ>
=0

k
N-2 2N —2
1T I dlewlee™ IT Ildlensle™e® |, (A4)
i=1 k j=N+2 k
=A =0
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with,

S1 = —Inpr(Po, pan—1)
— Z [©k,0Pk,0 — Pk, N—1Pk N—1 — Pk, NPk,N + Pl NPk N—-1 — Pk oN—-1Pk2N—-1), (A.D)

%
Sy = i0t(grd19k,0 + G5 PR N—1ON—2 — GLON11PkN — JrProN—102N-1), (A.6)
N—2
S3 = —@r1Pk1 — 3 [Phj Pk — Ph.jPhj—1 + 106WkPh jPr.j-1], (A7)
j=2
S = Pr,1¥k,0
N—2
—i0t(WkPr,19k,0 + JLPk,100 + (90K, j—1 + 95 Pr.jbj—1] (A.8)
=2

+ Gk PN—1Pk N—2 + Wk Pl N 1Pk N—2)
+ Pk, N-1Pk,N-2,
2N -2
S5 = —PEN41PkN+1 = D [Pk — PhjPhj—1 — 1680k Pr, Pk 1), (A.9)
j=N+2
S6 = Pr,N+19k,N + 10 Wk Pk, N+10k,N + 195 Pr,N+1ON
aN-2 .
+ Y [9kbieri-1 + GiPriGi-1] + Gkban-1Pk2N-2 + WEPh2N-1Pk 2N -2)
j=N+2

+ Pk 2N-1Pk2N -2 (A.10)
We now evaluate the integral containing the terms in what we denoted with A in Eq. (A.4), eval-

uating the integral containing [1 follows from analogy. We use the formula for multidimensional
Gaussian integrals, Eq. (A.3), to evaluate the integral for a fixed k,

rw o _ _
— ( 0 F(Q)) e C(QN 4)x (2N 4)7 (All)
1 0 - v oo 0
Ro1 0 - 0
0 h 1 0 0
r — , (A.12)
0 -+« v v h 1
re _ (Fu))T € CIN-2)x(N-2) (A.13)
Where we introduced ‘
h=—(1—idtwy,) = —e ™ + O(5t2). (A.14)
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_ fl:52 0
¢3
Jl = zétgk + : € CN_27
- 0
L ON-1 hgr,N-1
[ %o heko
®1 0
Jo = |idtg; : + : echN-2,
L ON—3 0
We invert T,
1 0o ... 0
—h 1 0 0
-1 h? —h 1 0 0
-1 (W) 0 (Fa))‘l _
0 (r@)~ —h3 h? ’
(—h)N=3 —h* R? —h 1
_ NT
) ()
With I'"! we can determine the exponent as follows,
T 1 -1 -1
G;) r-! (f) = JT (r<1>) Jo+ JT (r@)) =2 <J1T (r(l)) JQ).
We turn to evaluating the expression above,
®o —h
» ¢1 — hoo , h?
(p(l)) Jy = |idtg; $2 — ho + hgyg — Yo —h? ’
SIS b ()N (=h)N=2.
with this we can conclude,
1 N—2 j B } N-1 '
JI (F(l)) Jo = —=6t1gel* Y Y i1 (—h) T — idtgrpno > di(—h) !
j=1 i1=1 j=2
N—2 }
— i0tgLPr,N -1 Z Gj—1 (=) — Gr N1k (—R)V T
j=1
N—2 j B 4 N-1
= —0gul> DD dr1djae T BT —idtgrp g Y giem or i)
j=1 1=1 j=2
N—2 . .
— i6tg, Pk, N1 Z pj_rertn=lo) _ g o ppee @rINTI) L O(5t2).
j=1
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Where we used h = —e 0%k O(5t2) in the last equality and introduced,
n
th=to+ Y _ Otn. (A.22)
m=1

Note that this implies ty_1 = tny. With det{T'} = det{F(l)} . det{F(2)} = 1, we can conclude
our calculation of A,

A=t () (A.23)

and by analogy evaluate [.

A.2.3 Input States
Thermal State
With a canonical thermal state, or Gibbs state, for a system with Hamiltonian H and inverse

temperature 3, we mean the following density matrix,

N 1 _sn
e = e AH (A.24)

With Z being the thermodynamic partition function,
Z = Tr{eiﬁﬁ} = Z (n| e PH [n) = z e PEn, (A.25)
n=0 n=0

assuming an equally spaced spectrum of energy eigenvalues we can further evaluate,

) - [e'S) . 1
T;)e BEn :726 Pw =1 pe (A.26)

Where we employed the formula for a geometric series in the last step, assuming |e 5*| < 1, Vn.
Another important identity is the matrix element of the thermal state in the basis of coherent
states. Let |p), |¢’) be two coherent states,

n

(el =P |of) = (Z = <n|>e—ﬁff (Z — |m>> DR AREL e
n=0 ' m=0 : n=0

assuming an equally spaced spectrum of energy eigenvalues we can further evaluate,

e 50" )" i _lei’Bwn — 1 —Bw
S @) oam. S BFCT) e, (A.28)
n=0 : n=0 :
Product of Coherent States
N-1 B
pilpm) =exp | 3 0t( i, + From — ) |- (A.29)
j=0
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The first two terms are self-explanatory, the third term emerges as follows,

N—-1 N—1N—-1N-—
2 - (Wi —wy)
_ St f5]? = Zétf]f]—NZZZ payettiTto) Wi —w
j=0 j=0 j=0 k=0 [=0
1 N—-1N—-1N-1
@kaleszN(k b —Z‘Ozﬂz (A.30)
]=0 k=0 =0 k
where we used
i(t; — to) (wp — wn) = i6tjow(k — 1) = 22 j5di(k — 1) = 2mi2-(k — 1) (A.31)
] 0 k 1) — J - NM] = 4T N . .

Kronecker Delta Sum Identity
We recall the following identity,

M =
z\w

= 0p,m- (A.32)
k:

For the case n = m the identity is trivial, for the case n # m one can prove it using the formula
for the geometric series,

N
1 rik (n— 1 1-1
L ; iHio-m _ L (1 — (nm)> 0. (A.33)

Baker-Campbell-Hausdorff Formula

For two possibly non-commuting operators X,Y the product of their exponentials is given by,

eXeV =eZ, (A.34)
with
Z=X+Y+ 2 [X Y]+ 112[X,[X,Y]]—%[Y,[X,Y]]—ﬁ-.... (A.35)

When X and Y commute with their commutator that implies the following relation,

eXeY = XY +3lXY] (A.36)

Displacement Operator
The displacement operator is defined as follows [@],

- At

D(a) = e —oa, (A.37)
and gets its name from the following relation,

a2 st _aa a2 at lal?

! ~aq 0) =€ 2 e e |0) =€ 2 e |0) =€ 2 |a), (A.38)

D(a)[0) = e
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where we used Eq. (A.30), Eq. (1.32) and [a,af] = 1 in the last two steps. We prove a few
useful relations,

Df(a) = ent—ad’ = g=(ea'=aa) _ H_q), (A.39)

D(—a)D(B) = p—aal+aapa’—pa _ (B-a)a’—(B-a)a 3 (aB—Pa) _ D(B — a)ez(@B=Ba) (A 40)

D(=a)|8) = F D(—a)D(8) [0) = e F 3 @F-50) = 15 _ gy = Pa=3 |5 _ ) (A1)
A.2.4 Stationary Phase Approximation
Functional Derivative

We can define a functional derivative of a functional F[f] as follows,

F F / _ Al _ F !/
SF . FIf@) + ed(e —a')] - Ff)] 2
5f(1’) e—0 €
(cited from [I0]).
A.2.5 Statistics of the Input Field
The discrete version of the generating functional for the input field is given as follows,
Ain[x, X'] = e~ Zi=0 b4 fitxixine (A.43)
from which one can derive expectation values like the following first moment,
. a /
i—Ain X, X] = fj. (A.44)

ox;

x=x'=0

A.2.6 Statistics of the Output Field
Discrete Version of the Generating Functional

We compute the generating functional for the moments of the output field in the discrete notation.
For this we start with the Keldysh input-output action from Eq. (1.65) and add source fields
X, X' to the fields corresponding to boyy(t;) and bl (t;) on the forward and backward timebranch

out
respectively.
Aowelvs X'] = /D[¢>, Oins Pout] €S [Brpmpoul =i 3050 X Pun X P (A.45)
with
S, i, Pour] = S516] + SE[@in, Pout] + SP[S: Pour, Pinl, (A.46)
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where
N-1
SE[Pin, Pout] = 0t Z @it,j(pit,j - @jut,jspitl,j + Sagut,j(pjut,j (A.4T)

=0
- Sbgut,j‘Pgut,j + Pout,jPout,j — Pin,jPout,j T Pin,jPim,; — t 10 pB(Pin),
(A.48)

N—1
SV (9 Pin, Pout] = i0tV/k Z ¢;r90it1,j71 — &)1 Paut; — Pj1Pousj T Pin,j 5 -
j=1
We start by integrating out the output-bath modes using the following form of the multidimen-
2
L _onrta (A.49)

sional Gaussian integral,

T T T >
D —z Tz2+J;] 2+J5 2 _
/ [z]e det{T'}
Pout, N_l)T. We read off from the expres-

+ —
wout,N—l (pout,O

In our case z = @:ut,o Tt
sions in Eq. (A.46),
1

1
T = ot 1 (A.50)
o -1 1 '
-1 1
-1 1
inverting this matrix yields,
1
1
1 1
-1 _
r—= 5011 1 (A.51)
1 1
1 1
We can further read of Jy, Jo,
X0 0 0
X1 0 0
P B CE T I IR (O e I (A.52)
1 0 @;170 70 ) .
0 Pin.1 bo
0 PN -1 SN2
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0 ‘P;rl’o 0
0 901—;,1 ¢

_ | o P N1 SN 2
Jo = —i ;| +ot ) + 0tk (A.53)
Xo 0 0
X1 0 0
XN-1 0 0
Now we calculate the exponent. First we evaluate I'"1.Js,
0 @i o 0
0 @$,1 Ef
- i 0 P N_1 e
I p=—-— N=2 | A54
2 5t + 90;0 + kK 0 ( )
X @;;,1 (J)r
Xn-1 ‘PiJrrl,NA SN2
and now the full term,
I X0 0 0 \]
X1 0 0
-1 | XN-1 0 0
STy =|—i + ot + 0tk (A.55)
0 <p1n ,0 70
0 Soln 1 ¢(;
L 0 Pin,N—1 oy
[ 0 0 0\
+
0 Pin,1 s
¢ 0 ‘P;Nfl ¢§72
7 I B R R
X4 o1 o
XN-1 w;’N_l ¢E—2
N-1 N-1 - N-1
—1 {XJ“P;J + XS‘@I,J} —iVR Y Do+ X + 0t Y e Py
j=0 j=1 §=0
N—1 N-1
+ 5t\/E |:<10m jri—1 + Som ](bj 1] + 6t"i Z ¢j 1¢] 1 (A56)
j=1 j=1

52



This result agrees with the continuous version found previously. After integrating out the output—
modes the generating functional takes the following form,

Ao = [ Dlo.guleiStee), (A.57)
with
N-1 N-1 B
S[¢, o] = SEIG] —idtr Y b5 b = VE Y [Xidf 1 + X ]
j=1 j=1
N-1 _
8t Y | s+ Pnging — Py Pmg] — 110 (0)
i=0 -
N-1 _
- XiPin i + XjPin;
j=0
N—1 _
Fibt/E 3 [ Gy + By 107 — Pagba — whsBia] (AB)
j=1
Now we integrate out the input—-modes with the same procedure as above.
1 —eh9
1 _efﬁﬂ
1 —e P9
' =0t 1 1 (A.59)
-1 1
-1 1
inverting this matrix yields,
efe 1
efe 1
-1 _ 1 1 659 1
T otePr—1 [ P9 eho
P8 eft
B9 pele;
1+npg np
14+npg np
1 1+npg np
= — A.60
ot | 1+np 1+ng ( )
1+np 14+np
1+np 1+np
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We can further read of Jq, Jo

I
|
.

Jo

X0
X1

Xﬁfl — ot/r

O | -stvm

!
XN-1

of

z+ ...

¢

-1

o O O

0
o1

N
0

Now we calculate the exponent. First we evaluate | Ry

I ly=——
2T st

!
nBXo
!
nBXi

NBXN_1
(1+n8)x0
(1+np)x]

(14+nB)XN_1

0 0
b9 0
+ 6tv/k O ot 0
0 1+ng| fo
0 fi
fn-1
0 fo
0 fa
0 st | v
+ 6t\/E 0 1 +np 0
on 0
On-1 0
’N/qul_ 0
: npdy
anbj\,_l :+
0 anSN_Q
Genpor | VR0
: (1+np)og
(1+np)oy_1
0 (1 + nB)(ﬁ]J(,Q
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(A.62)

fo
fi
fyot

Jo
h

fyoa
(A.63)



and now the full term,

Xo
X1

J D7V, =

7 TLBXQV_I
(1+n5)xo
(1+np)x]

(1+nB)XN_1

+dtknp

o 0 0
: o 0
o, ) : 5 :
- t
— 6tk 8 + 6tk (b%—? o J%
0 0 fi
0 O JFN71 1
npoy 0 fo \]
: nBQba_ fl
nB(bX[,l ~+
0 NBPN_ fv-1
~ (1+np)p; VR ON i + fo
(1 + TLB)¢N 1
0 (14 np)ok_o In-1/ ]
np N
5t Z XjX;
7=0
N-1 ) )
+ivEng Z [Xj-107 = X505 1 + 0 X1 — &5 1]
1
-
—1 Z [ fi + fix}]
i—0
-
(0F b7 —df b7 1 — 07 107 + b5 10) 1]
Jj=1
N-1 N-1
NG Z [0 1 F5 — 65 1] Zf (A.64)

After integrating out the input—modes the generating functional takes the following form,

(A.65)

/D zS

out Xa

55



with

N—

N—-1
S, x, X1 =S¢[¢] — idtr Z &7 10T —VE D el + X)) +Zf Z XX+
j=1

N-1
Veng Z X105 = Xa8) 1 + 85 XGo1 — 60X = D [ifi + Fix]
j=1 7=0
N—-1 B B B B
—i0tknp Z [¢j¢; - d’j j+—1 — @105 + ¢;—1¢j—1]
j=1

N-1
— i0t\V/k Z [¢j_1f_ij - ‘lsj_fj—l]-
j=1

(A.66)
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Appendix B

Appendix B contains additional information, theoretical prerequisites or omitted details in cal-
culations regarding the material presented in the chapters on the damped harmonic oscillator
and the Kerr oscillator, Chap. [2] and Chap.

B.1 Damped Harmonic Oscillator

Fourier Transform

We are using the following convention of the Fourier transform,

flul= [ T dtf (e, =5 | " o flwle e (B.1)

— 00 — 00

This is the convention used in [3].

B.2 Kerr Oscillator
B.2.1 Output Field

Calculation of First Moment

<i)out(u)>Kerr = ZW o = <?)out(u)>DHO
5((6=67) ) . ] 5((6*¢%) )b X' .
VK / dt e B e N O(K?)
(B.2)
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We firstly consider the derivatives of the two terms inside the integral of the interaction term in
the action with respect to either source field.

5((6£6%)*)[x, X]

dx(u) N
= 0 (a0 + 3ns (@) b (65 ) + (65) 2D (65 21)
ox(u) N
(ot 0 7+ +y2ry] 0 72
=l @I et S (B3
5((656%) ") x, X]
ox' (u) o
= (o + 3ns (I EHI + (65171 (65)21)
ox' (u) x=x'=0
= 3n T+ 6 + T4+\2 6 +\2
U I P ey NIRRT

Now we evaluate the integrand by considering both terms for either source field. We start with
the derivatives with respect to y,

(6~ ()0~ (1)) x. ¥

:3n3(—i\/z/dt1GR(t—tl)f(t1)> <\/EF2‘ 1GR(u—t)>

ox(u) o
- (ﬁ/dtg/dt4GR(t ) f (k) GR(t — t4)f(t4)) (m/dts(F S DGR — GA(ts — t)f(t5)),
(B.5)
5<(¢+<t>§;(<2>)>2>[x,xq o (_Z. Vi [ ancne ) f(t1)> ( R L t))
- ( [ts [ aGe - )56 - t4)f(t4)) (m [ ats(F + )6 - 615 - t>f<t5>),
(B.6)

this leads to the following integrand,

5((6~ (D6~ (1)) x. ¥)
dx(u)

— SinprGR(u— 1) /dthR(t ) (1)

56T+ () x, ¥)
dx(u)

x=x'=0 x=x'=0

+2ik2GR (u— 1) / / / dtadtadtsGP(t — ts) F(t5)GR(E— t4) f(t)GA(ts — ) F(ts)  (B.T)
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We turn to evaluating the terms with the derivative with respect to x’,

5((6767) ) [, ¥]
X' (u)

+(- /<mw3 (ts — 1) (t2)C ay%ﬁ<OQaF—n/wﬂﬁa—w@%r%vmﬁ,
(B.8)

= 3ng (/ dtyVriGA(t) — t)f(t1)> (—\/EF; 1GA(t - u))

5{(¢~ fx 22;[ X, Xl _3n3 (\F/dtﬂG fl—t)f(t1)>( IF—Fl (t= )>

( // dtodtsGA(ty — t) f(t2) G (ts — t)f(t3)> <m(F +1) /dt4GA(t —u)GT(t — t4)f(t4)),
(B.9)

this leads to the following integrand,

5((6= (1o~ (1)) X
ox'(u)

56T ()T (1)) x. }]
ox' (u)

x=x'=0 x=x'=0

= —3inB/<;GA(t —u) /dt1 (tl - t)f_( 1)

— 2ik2GA(t — u) /// dtodtsdt, G2 (ty — t) f(ta)GA(ts — ) F(t3)GT(ts — t) f(ta). (B.10)
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